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Epidemic Spreading

SOS Epidemic Spreading (America, Asia & Africa) |

VIH In 2007,
more than 33.2
millions of
people all over
the world were
infected.

Dengue
Epidemics
in Bolivia

2009 Virus HSN1 surzrs
Aedes aegypti & EFE)

Cholera Outbreak in Zimbabwe
2008

Can we predict the evolution in real time of a disease outbreak?
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izl e Susceptible-Infected-Susceptible (SIS)
A
S+1 = I+
[

® Susceptible-Infected-Removed (SIR)

S+ X 141

| 2 R
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Introduction
® (k): average number of contacts per unit time of an
e individual

Modeling STDs

Fite i ® p: density of infected individuals

Corrections

p(t) = —pup(t) + A(k)[L = p(t)]p(t)

Absorbing . p=0, if A < A¢

phase Active phase . 0 xS

’ Finite prevalence t— o0 =p(t)=04p> if A > Ac
Virus death with A, — 1
T (K

e A
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Introduction Heterogeneous Case

k: actual number of contacts per unit time of an
individual

® pi: density of infected individuals with degree k

p(t) = —ppi(t) + Ak[1 — pi(£)]O(p(t))

© O(N) = Sk sl = by Xy kP(K)pi
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Heterogeneous Case

Introduction

At the stationary state: 0 = —pupy + Ak[1 — pi]O(N)

® Thus: px = lif\?@
® and O(\) = % >k kP(k) 124525 = F(©)
o |f d’;(ee)\@:o > 1, a non-trivial solution exists.

® the previous inequality reduces to & S k2P(k) > 1
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Heterogeneous Case

A>3 ==
* p=> P(k)pk
:0_07 If)\<)\c
p>0 if A > A
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. 1% ® Both models show the same critical properties despite the many differences between them!
. Moreno
® The epidemic threshold is a function of the first two moments of the degree distribution
P(k) ~ k=7 as
Introduction (k)
c = 7([(2) )
Brim ® that leads to the (already classical) result due to Pastor-Satorras and Vespignani for SF networks
Modeling STDs with 2 < Y S 3:
Finite-Size Ac =0,

Corrections

when N — oo.
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& yrSes  Gaco

Data
Modeling STDs Ly
o Wilsey
i Wisfey,
Finite-Size ‘&“(Iqm g

Corrections
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Spreading of Sexually Transmitted Diseases

Data.

Ta ble: Statistical properties of sexual contact networks from national sex surveys. The exponents g and
~ym are referred to the distribution of number of sexual partners cumulated in 12 months and in the

respondent’s lifetime.

Sweden 3.54 +0.20 3.31+0.20 3.1+ 0.30 2.6 £+ 0.30

U.K. 3.10 + 0.08 2.48 + 0.05 3.09 £ 0.20 2.46 + 0.10

Zimbabwe 2.51 £+ 0.40 3.07 £ 0.20 2.48 £0.15 2.67 £ 0.18
Burkina Faso 3.9+0.2 29+0.1 - -

® No significant differences between 1-year and lifetime
exponents.

® The most common case involves one exponent greater
than 3 and the other between 2 and 3.
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Theoretical Modeling!

® Criss-Cross Model in Heterosexual Populations

with

Ny

1166, VL, YM, & EP, PNAS 105, 1399 (2008)

5F+ IM
5M+ IF
IF

1F+ M
M4 F,
SF
sM.
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Theoretical Modeling

® Mean-field Equations

1 dif(t)  f F M
i ORI IRUCIE O
1 diM(t) .y M F
S = il ek [1- (9] oL (o).
® Threshold
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sprading VARAM > AL (K2) F (K2)
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® To be compared with
_ (k) 2(k)m(k)F

o Ac = K2y T (k2 2 :
B (k2) (k2 mlk)F + (k) F(k)m

® When (vg,vm) are both >3

oo L JOF=3)(m —3)
c ko \l (vF —2)(ym = 2)’

N - 2(ve = 3)(ym — 3)
‘ ko [(ve = 2)(vm = 3) + (vm — 2)(7v¢ = 3)]

® Both are the same only when

YE = TIM-
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Finite-Size Corrections

When N is finite and for yr(yp) > 2 and 2 < yum(ve) < 3:

® Threshold (unipartite)

ym—3
Ypm—1
Ae ~ N

® To be compared with the new (bipartite) threshold. When
evaluated for 2 < v <3 (G = F, M) and, e.g., vr > Vm

yields

1<’YM*3 YE—3
* 2\ ywm—1 " ~vp-1
AL~ N,

® When e.g. 7r > 3, the expression reduces to
Tm—3

* 2(vp—1)
AE o N2

C
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Finite-Size Corrections...

Ta ble: Scaling exponents, o and o™, of the epidemic thresholds, A ~ NA;D‘ and )\: ~ Nl\;a*‘ The

two situations considered (2 < v < 3 and yg > 3) correspond to 2 < vy < 3.

1(30F 3 m
2< v <3 2 (525 + 501
1 (3—m
vF >3 2 (’Ym—l)
1 1
(a) . (b) ™
— Py
C
e ©
.o
‘<<3 107
< e 22
a4 18
107 |2 2o
he 12 Ky
Y07 107 10° 10° 105 10° Yo 10 108 10" 107 108
10‘2 1 2 3 4 5 6
10" 102 10 10*  10®°  10®° 10 10 10 10 10 10
N N

Both models predict that the threshold is zero for infinite
systems but, for finite populations, the effective epidemic
threshold could be two times greater than that for the
unipartite case. This is good news!
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Contacts= 14

Contact-based
Epidemic Contacts= k Contacts= 4
Spreading

® Can we build a formalism for contact-based epidemic

spreading?
e Can we do this at the individual level?

QSG, AA, JBH, SM & YM, EPL 89, 38009 (2010)
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e ¢ Consider the probability p;(t) that node i is infected at

spreading
Y. Moreno time t,

pi(t+1) = (1—qi(t))(1— pi(t)) + (L — p)pi(t)
+ u(1 = qi(t))pi(t)

Contact-based Spreading...

® gi(t): probability of node i not being infected by any

Contact-based 1
Epidemic nelghbor
Spreading N
H — Briip;(t))
J=1
®  where:

(1 — q;(t))(1 — p;(t)): probability of a susceptible being infected by at least a neighbor.
® (1 — p)pj(t): probability of a susceptible not being recovered.

(1 — g;(t))p;(t): probability of a susceptible being recovered, but infected by at least a

neighbor.
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Mathematical
and
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disease
spreading ® The previous equation corresponds to a family of possible
models, parameterized by the contact probabilities rj;.
® The general case is represented by A; random walkers
leaving node / at each time step:

Data
Modeling STDs )\,’
Finite-Size Wij
Corrections rij = 1 — — 7"

Wi

Contact-based
Epidemic
Spreadi .
prescing e At the stationary state:

pi = (1 —qi) + (1 — p)piqi

Y. Moreno
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P~ 1 _ Z ri€;
Y. Moreno qi ﬂ S
Jj=1

® Neglecting second order terms in e

N
Z(,ﬁg(sﬁ)qzo Vi=1,... N

D:
M
5
C

j=1
Contact-based
Epidemic .. . — . .
Spreading ® Non-trivial solutions exist if and only if x/3 is an

eigenvalue of the matrix R
I
Bc =
Amax

® For random uncorrelated networks, the largest eigenvalue

of the matrix R is Amax = (k?)/(k).
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Average fraction of infected individuals, p, as a function of the spreading rate 3 for N = 10*. The symbols
correspond to MC simulations of the SIS model on top of random scale-free networks with v = 2.7 (error

bars are smaller than the size of the symbol) and the lines stand for the analytical solutions of our formalism
(with X = oo). We also represent in the inset a scatter plot for the probability that a node i (i =1, ..., N)

is infected using results of MC simulations (the y-axis) and the analytical solution (x-axis).
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02—

Density of infected individuals p as a function of 3 for different values of A in the air transportation network
e Critical points and p — 3 phase diagrams' greatly change
at varying A.

® For small values of A the disease prevalence is moderate.

® |arge values of \ is akin to a RP.
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ey Mesoscopic Equations.

disease

spreading e Defining R\(x) =1 — (1 — x)*, the generalized HMF
Y. Moreno equation reads

0 = —ppi+ Bk(1 = pi) D P(K[K)RA(K ™ )pi
k/

+ uBkor S P(K'|k)RA(K' ™ )pre

e K

ontact-base: 1 71

Epidtemticb ‘ + EﬁZk Z R)‘(kl )2P(k/|k)pi’

Spreading k!

2
- %52’(2 (; RA(k’l)P(k’lk)pk/>

® When A =1, Ry(k™1) = L, - CP.
© When A — 00, Roo(k™1) =1, — RP.



Mathematical
and
data-driven
models of
infectious
disease
spreading

Y. Moreno

Introduction

Spreading of
STDs.

Data

Modeling STDs

Finite-Size
Corrections

Contact-based
Epidemic
Spreading

Impact of
Behavioral
Changes

A quick note
on Rumors

Contact-based Spreading.

Worldwide infection probabilities using the ATN.
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Y. Moreno Diseased subpopulation

. Routing Scheme:
Introduction
@ shortest path =

Spreading of

STDs. —
Data
Modeling STDs

Finite-Size Destination
Corrections

Contact-based
Epidemic
Spreading Origin

Impact of Not infected
Behavioral subpopulation
Changes

Subpopulation level:

)

A quick note

diseased pop.
on Rumors

Schematic representation of a metapopulation system.
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Global invasion threshold.

Metapopulation models.
If Ro = /1> 1, an outbreak takes place. For metapopulation
models, the relation holds for a subpopulation.

However, due to mobility, there is a second threshold, known as
global invasion threshold.

Let DY be the number of diseased subpopulations of degree k at
generation 0. We can study the evolution of this number using
a tree-like approximation relating D} with D,f_l.

The total number of infected individuals circulating through the
network after n — 1 generations is:

A
W= 704 > DM Ny
k/
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Global invasion threshold.

Metapopulation models.

The average number of infected individuals in the class of degree k
during the evolution of the epidemic is a/N.

Each infected individual stays in the infectious state for an average
time p 1.

Then the number of infected people circulating through the network
after n — 1 generations is:

A
W= 22N D N (1)
B

The number of infected individuals that will pass through a
subpopulation of degree k will be

_ be  ,_
e t= W, (2)

btot

where b is the sum of all the betweenness of the nodes.
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Global invasion threshold.

Metapopulation models.

For the n'" generation we have:

Dp =V, (I—D\’,‘;l)[l—R W } 3)

k

where the second factor on the right is the probability that the
subpopulation is not already seeded by infected individuals and the
last is the probability that the new seeded subpopulation will
experience an outbreak.

In the early time and for Ry ~ 1 we can approximate the last

expression considering:
-1

k 1 4
v, <<L (4)
and .
1= Ry ™~ (Ro— 1)y, (5)
obtaining:

D¢ = (Ro — 1)Viewi™ (Ro—l—vkb ZD "Ny (6)
tot
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Global invasion threshold.

Metapopulation models.

Considering at the equilibrium:

k -
Ny = —N, (7)
(k)
where N = 3", P(k)Nj is the average subpopulation size, we get:
n Aa n—1,/
D = (Ro — ) v, 2 bm Z DI (8)

Let us define now ©" = 3", D]k, then we have:



Global invasion threshold.

Mathematical
e o Metapopulation models.
E?e‘:;etluizsf The last term needs can be further developed as:
disease
spreading
by V>, P(k)kby
Y. Moreno V k = k— ].O
2K =S P(K b (10)

Considering now by, ~ k™ one is left with:

Ao o 1 (K
Finite-Size en - (R() - 1)7 e @nfl. (11)
po (k) (k)

We finally get the global invasion threshold as:
Impact of Ao - 1 <k1+"7>
Behavioral R* = (Ry — 1)—N— . 12
Changes ( 0 ),U, < > <k77> ( )

<k7]> <k>:u’(RO _ 1)—1. (13)
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Global invasion threshold.

Metapopulation models.

08 - H
002 ® 7
06 0015 7
< 001 1
a
04 —
0005 .
. ]
0500008 > 0001 00002
02 . i
o
\L * 1
0 powy powy o? I
10° 10° 10" 10°
A

Analytics versus numerics. Meloni et al., Nature Scientific Reports, 2011.
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Metapopulation model with behavioral change.

Metapopulation

Routing Scheme:
@ shortest path =

Diseased subpopulation

e

AN

Destination

Individual level:

s O

Origin

Not infected

subpopulation

Subpopulation level:

)

diseased pop.

Schematic representation of the model. Meloni et al., Nature Scientific Reports, 2011.
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05
Data 04 F
Modeling STDs
Finite-Size
Corrections 03
2
a
02
011
Impact of
Behavioral 0 : :
Changes 10° 107 10° 107

Effects of the different mechanisms. Meloni et al., Nature Scientific Reports, 2011.
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02

0
0

Metapopulation model

with behavioral change.
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oe
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- e e 4 0 2
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o

The model applied to the ATN. Meloni et al., Nature Scientific Reports, 2011.



Mathematical
and
data-driven
models of
infectious
disease
spreading

Y. Moreno

Introduction

Spreading of
STDs.
Data
Modeling STDs
Finite-Size
Corrections
Contact-based
Epidemic
Spreading

Impact of
Behavioral
Changes

A quick note
on Rumors

Metapopulation model with behavioral change.

Effects of the different mechanisms on an epidemic within the USA. Meloni et al., Nature Scientific Reports,

2011.

DA
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Rumor spreading is similar, but fundamentally different from disease
spreading
® We are not constrained to model an actual process. Rumor algorithms can be freely designed
Brim depending on the application.
Modeling STDs ® The annihilation term makes the difference: it does not depend any more on a rate, but on the
Finite-Size

interactions between the different classes.

Corrections

There is no rumor threshold: always, a finite fraction of the population learn the rumor.

Ignorants (1), Spreaders (S), Stiflers (R)

I+5 2 141
Aq;icknote S+S i} R
S+R % R
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Homogeneous Case
—Xki(t)s(t)

Aki(t)s(t) — aks(t)[s(t) + r(t)]
aks(t)[s(t) + r(t)]

® The solution in the infinite-time limit (s(c0)) is given by:

fo =1 — e Pree

® which reduces to a condition that is always satisfied:

A quick note
on Rumors

A
—>0
@

® There is no rumor threshold!!! (NOTE: at first-order MF
description)
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